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Abstract 

We investigate the spin 1/2 fermions on quantum two spheres. It is shown that 
the wave functions of fermions and a Dirac Operator on quantum two spheres can be 
constructed in a manifestly covariant way under the quantum group SU (2) 9 . The concept 
of total angular momentum and chirality can be expressed by using g-analog of Pauli- 
matrices and appropriate commutation relations. 
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The structure of quantum groups fjj [@] @ often appears as hidden symmetry in physics. 
One of interests in the quantum groups is that we can describe quantum manifolds as 
a non-commutative geometry. U| || B The quantum manifolds have been studied as 
possible deformation of manifolds along with the geometrical understanding of the quan- 
tum groups. And that deformation can be used to generalize the ordinary notion of 
space(time) symmetry. 

Recently, it was suggested that compact quantum manifolds can be used as an regu- 
larization of field theories. It was shownQ for the scalar field on the quantum 2, 3 and 
4 spheres HI! that the number of wave functions can be finite when q is a root of unity 
(q = 1). The parameter I is determined by the ratio of the scale of the universe and that 
of the ultraviolet cut-off. Another attractive feature of the quantum spheres is the scale 
dependence. The effects of the deformed manifold are invisible at sufficient low energy 
scale. In other words, the quantum manifolds might (effectively) describe the strong 
quantum fluctuations of the manifolds in microscopic level, which can be smoothed out 
in our experimental scale. 

Although the scalar fields on quantum spheres are constructed consistently, the con- 
sistency of the higher spin fields has not been clear. The construction of the higher spin 
fields is required for the full realization of the quantum field theories on quantum spheres. 

In this letter, we deal with the quantum S 2 and construct Dirac operators. The 
advantage of treating the quantum two sphere is that this manifold is not only the 
simplest compact quantum manifold in even dimensions where we can discuss the chiral 
fermions, but we can use well known properties of representation theories of quantum 
SU(2) q . 

The algebra S77(2) 9 |l]]0] is generated by elements X ± and K = q H ° satisfying the 
following relations 

KX^K- 1 = fX*, [X\ X-] = K r K ~l (1) 

q 2 — q 2 

A structure of a Hopf algebra is given by 

A(X ± )=X ± ®K-* + K*®X ± , A(K)=K®K. (2) 
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Our convention of this structure describe the one of SU(2) q -i in the convention of ref.[J0 . 
The generators of SU(2) q act on the spin j representation in the following way, 



X ± | j, m > = (\j =p m] \j ± m + 1] ) a | j, m ± 1 > 
K\j,m> = q m \j,m>, 



where —j<m< j, 2m = 2j(mod2) and, 



n 



n n 

qz — q 2 

I _ i 
q2 — q 2 



(3) 
(4) 

(5) 



We introduce coordinates of quantum sphere || as an spin 1 representation of SU(2) q 
which will be denoted by e m , m = —1,0,1. The commutation relations among coordinates 
can be defined by requiring that total spin 1 states cannot be constructed out of the 
product of the coordinates, which implies 



E 



m! m — m! m 



& m! 6 rn. — 111/ 1 



(6) 



where 



3i 32 33 



mi ^2 



represents the q analog of Clebsh-Gordan Coefficient [1C]. For 



later convenience, we list the following explicit form: 
1 3 3 



m m 

1 3 3 

1 m — 1 m 

1 3 3 

-1 771 + 1 777. 



{q U-m + l)/ 2[j + m] _ q -U+rn +m[j _ m ] }/^/[ 2 j] [ 2 J + 2] , (7) 

f[2]\j + m][j-m + l]\ 1/2 



-m/2 



-m/2 



V [2j][2j + 2] 

' [2][j - m][j + m + 1} 
[2j][2j + 2] 



1/2 



The equation of the sphere can be expressed as 



e ■ e = r , 



where a ■ b for spin j representations a m , b m is defined by 



(8) 

(9) 
(10) 

(11) 



a ■ b 



-[2j + i] 1/2 E 



3 3 
-m m 



d—mbmi 



(12) 



The highest weight state of integer spin j can be written as \j,j >= dje{, where the 
coefficient a, , which we do not need to specify in this letter, can be determined from the 
haar measure f3fl [[TT|j |p| . The states \j, m > can be obtained by using a relation (3). For 
example, the state \ j, j — 1 > is given by ajg~^ _1 ^ 2 (^) 1 / 2 e{ _1 e . 

We next introduce the derivatives with respect to the coordinates satisfying 



d e = cr l Vf^^f'i^p ,8 , + (—l) m2 a m2/2 S 



(13) 



where (R 1 ' 1 )^'^ is so-called the universal R- matrix pH| between the spin 1 states. The 
element can be written in terms of the 3j- symbol as follows: 



m\ ,m,2 



y"(_l)ii+i2-ig-b'i(ii+i)+i2(i2+i)-i(i+i)}/2 



Jl J2 3 

mi m 2 m 



32 3i 3 
i> 2 



m'r, m\ m 



(14) 



in which m\ + m 2 = m' x + m' 2 = m. Using these derivatives, we can define the operator 
of orbital angular momentum J m as 



J a 



.[2], 



1/2 



E 

mi 



1 1 1 

mi m — m i m 



e Ad 



(15) 



where A is the dilatation operator|T2|[|T3||T4| whose action to e m and d m is given by 



Ae m = qe m A, Ad m = q 1 d m A. 



(16) 



The introduction of this operator is required to ensure an relation 



[J m ,r 2 ] = 0. 



;i7) 



Since each operator e m and d m changes the spin of the state by ±1, the operator J m 
does not change the spin of the states. (The total change of spin by ±2 is forbidden.) 
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Therefore, the operators J m can be called as quantum rotation operators. The action of 
this operator on the states \j, m > can be specified as 



Jm\j,m' >= 



[2j]V 2 [2 J + 2]V 2 
[2] 



1 j 3 
m m' m + m! 



\j, m + m! >, 



(18) 



where we have obtained the coefficient by acting J to the highest weight state because 
the m dependence should be included only in the 3j-symbols. We can define a second 
order Casimir operator by using J m as 



C = J-J, 



where the product is defined in (12). By using (18) and relations 



Ji 32 3 
mi m 2 m 



'_Xy'2-i- m ig- m i/ 2 



' [2j + 1] ' 
J2J2 + 1], 



1/2 



3i 3 32 
-mi m m 2 



(19) 



(20) 



E 



3i 32 3 
mi m 2 m 



3i 32 3 
mi m 2 m' 



&j,j'&m,m' ? 



for \ji — _7* 2 1 < j < ji + j2, we find the value of the Casimir operator as 

[2j][2j + 2] ,, 
C\3,m >= — \3,m> . 



(21) 



(22) 



Using this Casimir operator, we can construct an equation of the scalar field of mass m 
on this Euclidean quantum space as 

C 



(^ + m 2 )0(e)=O. 



(23) 



Our next question is whether chiral fermions can exist on this quantum two sphere. 
To begin with, we operatorially introduce the spin 1/2 spinors as 



|l/2,l/2> = c 1/2 |0>, 
|l/2,-l/2> = c_ 1/2 |0> 



(24) 
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It is not necessary to introduce commutation rule among the operators c's since we only 
consider one particle states with respect to c's.. We next define the conjugate of the fields 
c m preserving the SU(2) q invariant: 



b mi c m2 \0 >= [2] 



1/2 







1 i 

2 2 

mi m 2 



10 > . 



Explicitly we obtain 



6-1/2C1/2IO > = g 4 |°>; &1/2C-1/2IO >= -q*\0 >, 
&1/2C1/2IO > = 6_i/ 2 c_i/ 2 |0 >= 0. 

From these operators, we can introduce q-analog of Pauli matrices as 

i 1 



[2] 1/2 E 



mi m — mi m 



c 6 



which implies 



a x = [2]^ 2 c 1/2 b 1/2 , 
ctq = q~ 1/4 C-i/ 2 bi/ 2 + g 1/4 Ci/ 2 &-i/2, 
o-x = [2] 1/2 c_i /2 6_i /2 . 



We also define a singlet operator as 



O = c-b 

= -g 1/4 c_i /2 &i/2 + q~ 1/4 c 1/2 b-i/2- 



(25) 



(26) 
(27) 



(28) 



(29) 



(30) 



The action of this operator on c±\0 > is just an identity operator. The g-deformed 
Pauli-matrices form an algebra: 



[4] 



1/2 



[2]V2 



1 1 1 

mi m 2 mi + m 2 



<^Vrt 1+7712 



+ (-l)^q- m ^5 mi+m2fi O, (31) 



which is the q-analog of the well known relation a l a j = ieijk^ k + 8 lj . 
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Since the general states can be expressed as products of the coordinates and c m , we 
need to specify the commutation relations between e m and c m /. A consistent choice is to 



use the universal R-matrix|TO| with respect to spin 1/2 and spin 1: 

r e _ /Dl/2,l\mi,m' fQO) 
^1^2 l-"- /mi,m 2 t; m2 L "m' 1 - \ OZj ) 

We can find that c m commutes with the radius r 2 . As for the commutation relation 
between b mi and e m2 , we prepare two type of conjugate of c m . One is defined to commute 
with e m by R^ 1 matrix which we call b m , the other is to commute with e m by R-matrix, 
which will be b' m . Correspondingly, the Pauli-matrices and operator (30) constructed by 
c m and b m will be denoted by a m and O and the operators constructed by c and b' m will 
be called a' m and O' . 

It seems instructive to write down the commutation relations explicitly: 

ci/ 2 ei = q 1/2 eic 1/2 , c_i/ 2 e_i = g 1/2 e_ic_i/ 2 , 
ci/ 2 e = eoC 1/2 + [2] 1 /2 ? -V4( g V2_ ? -i/ 2)eiC _ i/2) 

c-i/ 2 ei = g 1/2 e!C_i /2 , c_i /2 e = e c_i /2 , 

oi/ae-a = q-^e-^ + ^q^q^-q^e,^ (33) 

&i/ 2 ei = g" 1/2 ei6i /2 , 6-i/ 2 e_i = g _1/2 e_ic_i/ 2 , 

6-i/aeo = e 6- 1 / 2 -[2] 1 /V/ 4 (g 1 / 2 -g- 1 / 2 )e_ 1 6 1/2 , 

&i/ 2 e_i = g 1/2 e_i6i /2 , 6i /2 e = e b 1/2 , 

6-i/aea = g 1/2 ei 6_ 1/2 - [2] 1/2 g 1/4 (g 1/2 - g- 1 / 2 )e 6 1/2 , (34) 

The states constructed by the product of spin j representation of the coordinate space 
and spin 1/2 representation split into the total spin j + 1/2 and spin j — 1/2. The highest 
weight states can be written as 

\j,j + l/2,j + l/2> = \j,j>c 1/2 \0>, (35) 
- 1/2, j- 1/2 > = 

1 { q j ^ 2 \j,j - 1 > c 1/2 , 1/2 - q- 1/4 [2j]^\j,j > c_ 1/2 }|0 > .(36) 



[2i + l]V 



The other descendants can be derived by using a relation (3). 

We are going to consider the action of a m on these states. Since a m does not change 
bosonic spin and preserve SU(2) q invariance, we have 

'1 j + 1/2 j + 1/2 
m w! m + m' 

1 3 + 1/2 3-1/2 
m m! m + m' 



<r m \j,j + l/2,m' >= b ++ 

+ !>.--. 



+ 1/2, m + m > 



\j, j - 1/2, m + m'> .(37) 



The coefficients b ++ and 6 +1 can be determined by considering a \j,j + 1/2, j + 1/2 > 
and j + 1/2, j + 1/2 >, and we get 



b ++ = 
b + - = 

Quite similarly, we have 

0m\j, j - 1/2, m' >= 6_+ 

+ 6__ 
where 

b-+ = 
= 



/ [2 J + 2][2] \ 1/2 /2 
V [2J + 1] J q ■ 



(38) 
(39) 



1 j-1/2 j + 1/2 
m m' m + m' 

1 3-1/2 3-1/2 
m m' m + m' 



\j,j + 1/2 , 771 + 771' > 



J 9 



\j, j - 1/2, m + m' >, (40) 



J q 



1/2 



A2i-i]V /2 



'1/2 



-J-l 



V[2J + 1]/ ' 
As for the action of J m , we get the following relations: 

1 j + 1/2 3 + 1/2 



(41) 
(42) 



Jm\j,3 + 1/2, m' >= a 



++ 



+ a + 



m m! m + m' 

1 j + 1/2 3-1/2 
m m! m + m' 



\j,j + 1/2, m + m! > 

\j, 3 - 1/2, m + m'>. (43) 
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J m \j,j ~ 1/2, m' >= a_ 



'1 j — 1/2 j + 1/2 
m m' to + m' 
'1 j - 1/2 j - 1/2 
m to' m + to' 

where the coefficients can be obtained as 



+ a_ 



+ 1/2, m + to' > 



- 1/2, m + m' >,(44) 



J 9 



[2j][2j + 3]V 2 
[2][2j + l]V2' 

[2j'F 2 



[2j + 2]V 2 
[2j + l]V2[2]V2' 

[2j + 2][2j-1]^ 



(45) 
(46) 



[2j + l]V2[ 2 ]i/2' " - [2][2j + l]V2 • 

From these relations, we can define the operator representing total angular momentum 
as an operator which does not change the total spin. Indeed by defining the operator J^f 

as 



1 



Jtot -1/2 j , J_ 



(47) 



and using (37) (40) (43) and (44), we obtain 
J^\j,j + l/2,m'> 



1/2 



/ [2jJ 1 lJ[2j + 3]' 

[2] 2 ; 

J%\j,j-l/2,m'> 

1/2 



1 j + 1/2 j + 1/2 
to to' to + to' 



\j,j + l/2,m + rri>, (48) 



' [2j-l][2j + l] 



- 1/2, to + to' > . (49) 



1 j - 1/2 j - 1/2 

TO TO' TO + TO' 

From these relations, we can find the value of the second order Casimir operator 

£ltOt _ jtOt . jtOt 

[2j + 1][2j + 3] 



C tot \j,j + 1/2, to> 



[2] : 



■|j,j + 1/2,to>, 



(50) 



C* ot |i,i-l/2,TO> = Pj |^ J + 1] |j,j-1/2,to>, (51) 
Note also that the operator O defined in (30) is no longer an identity operator. We obtain 



0\j,j + l/2,m> = <f\j, j + 1/2, to >, 
0\j,j-l/2,m> = q- 3 - l \j,J - 1/2, m >, 



(52) 
(53) 
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whereas 0'\j,j ± 1/2, m >= \j,j±l/2,m > . We can also find that the action of the 
operator a' m on states can be written as a' m = O~ x o m . 

Another Casimir operator can be constructed from the product of J m and a m as J -a, 
which is the first-order operator with respect to the derivatives of the coordinates. The 
value of this Casimir operator can be obtained using relations (37), (40), (43) and (44): 



[2j] 1/2 

J ■ a\j,j + 1/2, m> = (a ++ b ++ - fr + _a_ + - ^ 1/2 )\j,j + 1/2, m >, 



[2] 



(54) 



\2i + 21 1/2 

J-<r|j,j-l/2,m> = (a— 6— - &_ + a+- 1 j J 2 )|j, j - 1/2, m > 

[27 + 21 

- L ? './•./ l/2.m >. (55) 



[2] 

Before trying to construct a Dirac operator, we first consider 75(73). In two dimensions, 
we usually take a' 1 (i = 1,2) as gamma matrices for the coordinates and 03 can be used 
as an 75 element. In our construction, we have already used all the Pauli matrices. This 
fact implies that one of the matrices we have used are redundant. As our 75, we are going 
to choose the 7 matrix corresponding to the direction of the radius. In other words, we 
take 



e-a' 



75 = n —7=, (56) 



where a m represents the Pauli matrix constructed from b' m and c m , and the normalization 
is chosen to ensure 7! = —1. This operator change the orbital angular momentum by ±1 
but does not change the total spin of the states. We therefore find 

75 |j,j + l/2,m > = aj \j + l,j + l/2,m>, (57) 
l5 \j,j-l/2,m> = /3j\j-l,j + l/2,m>, (58) 

where aij and f3j are some coefficients which we do not need to specify for the foregoing 
discussion. Note also that this operator commutes with the total second order Casimir 
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operator Ctot- We are now going to construct Dirac operator. Our ansatz for the massless 
dirac operator is of the form 

r 7 -V = 0-\j -a + a), (59) 

where r is the radius of the sphere. We will fix the value of a be requiring that this 
operator anticommute with 75 for states \j,j + 1/2, m > and — 1/2, m >. It is not 
a priori clear that we can find the same a for these two states but we have a = 1. The 
value of the Dirac operator on the states is obtained as 

n -V\j,j + l/2,m> = W±Q\jJ + l/2,m>, (60) 

n -V\j,j-l/2,m> = - [ -^\j,j-l/2,m>. (61) 
From these we can find the relation to the total second order Casimir operator as 

C tot + pi = (ry " V) 2 . (62) 

Note also that the massive Dirac operator 7 • V + im no longer anticommute with 75. 

We have constructed Dirac operator on the quantum two spheres. We expect that the 
fields with higher spins can be described using our approach. For physical application, 
the quantum four sphere is of particular interest. Indeed, there is no difficulty to extend 
the result of this paper to the quantum four spheres. We will discuss this issue in a 



separate paper [p~5f| 
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